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PROBLEMS
 1.	Give an example of a precompact space in which the result of (3.16.6) fails to be true.
 2.	For a metric space E, show that the following properties are equivalent:

 (a)	E is compact;
 (b)	every denumerable open covering of E contains a finite subcovering;
 (c)	every decreasing sequence (F,,) of nonempty closed sets of E has a nonempty
intersection;
 (d)	for any infinite open covering (ua)a«l of E, there is a subset H c L, distinct from
L and such that (ua)a@h is still a covering of E;
 (e)	every pointwise finite open covering (UA) of E (i.e. such that for any point x e E,
x e ua only for a finite subset of indices) contains a finite subcovering;
 (f)	every infinite subspace of E which is discrete is not closed.
(Using (3.16.1), show that (f) implies (a), and that (d) and (e) imply (f).)
3.	Let E be a metric space, d the distance on E, $(E) c ^(E) the set of all closed non-
empty subsets of E. We may suppose that the distance on E is bounded (Section 3.14,
Problem 2). For any two elements A, B of $(E), let p(A, B) = sup d(x, B), /z(A, B) =
siipOo(A,B),p(B,A)).
 (a)	Show that, on $(E), h is a distance (the "HausdorfT distance").
 (b)	Show that for any four elements A, B, C, D of $(E)» one has
h(A u B, C u D) ^ max(/KA, C), h(B, D)).
 (c)	Show that if E is complete, $(E) is complete. (Let (Xn) be a Cauchy sequence in
8?(E); for each n, let Yn be the closure of the union of the sets Xn + p such that p > 0;
consider the intersection of the decreasing sequence (Yn) in E.)
 (d)	Show that if E is precompact, $(E) is precompact (use the problem in Section 1.1).
Therefore, if E is compact, $(E) is compact,
4.	Let E be a compact metric space. For every e > 0, let N8(E) be the smallest integer n
such that there exists a covering of E by n sets of diameter «S 2e\ let Me(E) be the largest
integer m such that there exists a finite sequence of m points of E for which the dis-
tance of any two (distinct) of these points is > s. The number Hfi(E) — log Nfi(E) is
called the e-entropy of E, the number C«(E) = log Me(E) the e-capacity of E.
 (a)	Show that M2«(E) < N.(E) < M.(E), hence C28(E) ^ H«(E) < C,(E).
 (b)	Show that the functions NE(E) and Mfi(E) of e, defined for e > 0, are decreasing
and continuous on the right (to prove the continuity of Nfi(E) on the right, use contra-
diction, and apply problem 3(d)).
(e)	If A and B are closed nonempty subsets of E, show that
N.(A u B) < N«(A) + Na(B),       Mfi(A u B) < M.(A) + M.(B)
H,(A u B) < H,(A) + H,(B),       C«(A u B) < C.(A) -f C.(B).
(d) If E is a closed interval of R of length /, show that N«(E) « M2c(E)» l/2e if l/2e is
an integer, and N,(E)« M3|(E)« [7/2e] H-1 (where [/] is the largest integer < t for
/ > 0) if l/2e is not an integer.
17. COMPACT SETS
A compact (resp. precompact) set in a metric space E is a subset A such
that the subspace A of E be compact (resp. precompact).

